Abstract. A set S of integers is said to be sum-free if a, b e 5 implies a + b 6 S. In this paper, we investigate two new problems on sum-free
A set S of integers is said to be sum-free if a, b E S implies a + b $ S. The case a = b is not excluded, so that a E S implies 2a G S. A well-known theorem of I. Schur [14] states that if the set {1, 2, . . . , [k\e] } is partitioned arbitrarily into k sets, at least one of the sets fails to be sum-free. Thus we may define f(k) to be the largest positive integer for which there exists some way of partitioning {1, 2, . . . ,f(k)} into k sum-free sets.
The determination of the numbers/(/c) is a notoriously difficult problem. It is easy to verify that/(l) = l,/(2) = 4 and with a little effort one can show that /(3) = 13. L. D. Baumert [4] , with the aid of a computer, showed that /(4) = 44. The value of /(5) seems to be out of reach at the present time. Recently H. Fredericksen [9] proved that/(5) > 138 and this seems to be the record.
Schur proved that f(k + 1) > 3f(k) + 1 and this, together with his theorem mentioned in the first paragraph, shows that
(1) (3* -l)/2 < f(k) <[k\e] -1.
Abbott and Hanson [3] , improving on an earlier inequality of Abbott and Moser [2] , proved that for all positive integers k and /,
From (2) , or the earlier inequality of Abbott and Moser, it follows, via a well-known argument, that a = hmk^x f(k)l/k exists, although a may be infinite. Schur's lower bound shows that a > 3. The result of Baumert, with (2) , gives a > (89)l/4 = 3.0714 . . . , while Fredericksen's lower bound for /(5) gives a > (277)l/5 = 3.0796 .... The upper bound given in (1) has been improved slightly by R. W. Irving [11] to f(k) < [kl(e -¿)] by appealing to a result of E. G. Whitehead [16] on Ramsey numbers. An account of most of these results may be found in the article by A. P. Street [15] . See also the interesting paper of L. Mirsky [13] .
In this paper we investigate two new problems on sum-free sets. Problem I. Denote by h(k) the largest integer m for which there exists some way of partitioning {1, 2, . . . , m) into k sets which are sum-free modulo m + 1; that is, which contain no solution of x + y = z (mod m + 1). The partitions which establish the values/(l) = l,/(2) = 4,/(3) = 13,/(4) = 44 are sum-free modulo 2, 5, 14, 45, respectively, and thus h(k) = f(k) for k < 4. This suggests the conjecture h(k) = f(k) for all k. We have not been able to prove this conjecture but we obtain some evidence to support it by showing that h satisfies the same recurrence inequality (2) as/.
Problem II. We say that a set of integers is A;-wise sum-free (or k-SF) if it can be partitioned into k sum-free sets. Let « be a positive integer and let Nn = {1, 2, . . . , n). Denote by g(n, k) the size of a largest A>SF subset of N". It is not hard to evaluate g(n, 1). In this paper we indicate how one may evaluate g(n, 2) for n < 54 and obtain some general upper and lower bounds for g{n, k). Proof. The argument parallels closely the proof of (2) as given in [1] . Partition {1, 2, ... , h(k)} into sets Ax, A2, . . . , Ak which are SF mod(h(k) + 1) and partition {1, 2, . . . , h(l)} into sets Bx, B2, . . . , B, which are SF (mod h(l) + 1). For 1 < i < k let C, = {s(2h(k) + 1) + t: s = 0, 1, . . . , h(l), t E A¡), and for k < i < k + I let
Then it is easy to check that C, n C, = 0 if i <£ j and that U*=/C, = {1, 2, . . . , m -1} where m = 2h(k)h(l) + h(k) + h(l) + 1. We claim that C, is SF (mod m). where 0 < sa, sb, sc < h(l) and ta, tb, tc E A¡. It is easy to check that -m + 3<a + b -c < 2m -3 and, hence, in order for (3) to hold, we must have (5) a + b -c = rm where r = 0 or 1.
It follows from (4) and (5) that
The right side of (6) lies between -2h(k) + 1 and 2h(k) -1 and must therefore be zero. It follows that ta + tb = tc + r(h(k) + 1), and this contradicts the fact that A¡ is SF (mod(h(k) + 1)).
A similar contradiction arises in case k < i < k + I, the only difference being that one gets, instead of (6),
The right side of (7) lies between -2h(k) and 2h(k) and must therefore be zero. Thus sa + sb = sc = r(h(l) + 1), contradicting the fact that Bi_k is SF (mod h(l) + 1). This completes the proof.
Remark 1. The corollary follows easily from Theorem 1 via a well-known argument which we do not give here (see, for example, [2] ). It would be of interest to know whether a = ß. We point out that the partition given by Fredericksen to show that/(5) > 138 is SF (mod 139). Thus ß > (211)l/\ We now discuss Problem II. It is clear that g(n, k) is a nondecreasing function of k, and that if n < f(k), then g(n, k) = n. It is not hard to evaluate g(n, 1). We state this as a theorem. Proof. Let A = {ax, a2, . . ., a,} C N" be a SF set, 1 < ax < a2 < ■ ■ ■ < a,. Then the 2t -1 numbers ax, a2, . . . , a" a, -ax, a, -a2, . . . , a, -a,_x are distinct and belong to A/". Thus 2t -1 < n so that g(n, 1) < [(n + l)/2]. Since the set On of odd integers in Nn is SF and has [(n + l)/2] elements, we haveg(«, 1) = [(n + l)/2]. Remark 2. 0" is not the unique largest SF subset of Nn, since if n = 2t, the set {/ + 1, t + 2, . . . , 2t] is SF and if n = 2t + I, the set {t + 1, t + 2,...,2t+
1} is SF.
Remark 3. It is interesting to note that if we consider any set of n integers, not necessarily Nn, then it may not be possible to select a SF subset with [(« + l)/2] elements, e.g., consider the set (2, 3, 4, 5, 6, 8, 10} . (This example is due to D. Klarner and is quoted in [8] .) In fact, if one denotes by (p(n) the largest integer such that every set of n real numbers, different from zero, always contains a SF subset with <¡>(n) elements, then it is is known [8] that n/3 < </>(«) < 3n/7. Other bounds for <b(n) have been obtained by Erdös, Choi, Komlós, Sulyok and Szemerédi [5] -{8], [12] . Erdös also mentioned that <i>(n) = [(n + 2)/2] is likely if we exclude sums of equal summands. Proof. Partition {1, 2, . . . , h(k)} into sets Ax, A2, . . . , Ak which are SF (mod h(k) + 1) and let Bi: -{b: 1 < b < n, b = a (mod h(k) + 1) for some a E A¡}.
Then it is clear that B¡ is SF and the theorem follows. We conjecture that equality holds in Theorem 3, but we have not been able to prove this, even in the case k = 2. We now prove a lemma which enables us to show that g(n, 2) = n -[n/5] for n < 54. (ii) Follows immediately from (i).
(iii) Suppose C n Rab = 0. Let a E A, say. If b E A, we have b ± a E B so that 2b E /I U B, a contradiction. Thus b E B. Then 2¿> E /l, 2è ± a E 5 and, hence, b ± a E A, which again gives a contradiction. This completes the proof of the lemma.
The lemma, simple though it is, enables us to narrow considerably the number of possibilities for C. To illustrate, we evaluate g(20, 2). Proof. Suppose not. Then there exists a partition N20 = A u B u C where A and B are SF and \C\ = 3. By Lemma l(i), C n Q3i3 ¥= 0 and C H ö4j4 ¥= 0 and, since Q33 n 04,4 = {12}, C cannot contain both 1 and 2.
For otherwise, C = (1, 2, 12} and hence C n Ä3,7 = 0, contradicting (iii). Hence there are three cases to be considered. We arrive at a contradiction in each case. Case 1. 1 E C, 2 E C. Then C meets each of PX6, Pxxx and Pxx6. Since these three sets are pairwise disjoint, C must be contained in their union. Hence C n Qxx = 0, contradicting (i). Remark 4. Using the same method we have verified that g(n, 2) = n -[n/5] for n < 54. For the larger values of n, however, the number of possibilities for C becomes greater and the case-by-case argument becomes very tedious. It is possible that by using Baumert's algorithm [4] , one may be able to evaluate g(n, 2) for a few more values of n, but since it is unlikely that any insight into what happens for general n will result, we have not looked into this.
We now obtain a general upper bound for g(n, k). We write m = f(k) + 1, and let . g(n, k) g(n, k) ak = lim inf -< lim sup -= ßk.
k->oo n n-»co n It is not hard to show that ßk < 1 -l/m2. We now indicate how this may be improved.
Theorem 5.
ßk<i-1 n íi-1)<i--i¿-> m p<m\ P I mlogm where the product is taken over all primes p < m, and where c is a positive constant.
Proof. Let N" = Ax u A2u ■ • ■ U Ak u C be a. partition in which each A¡ is SF. For each a such that ma < n let Qa = {a, 2a, . . ., ma). It is clear that C has nonempty intersection with each Qa, since otherwise we would get a partition of {1, 2, . .., m) into k sum-free sets. We now show that there is a large collection of Q's which are pairwise disjoint. where the last inequality follows from the theorem of Mertens (see [10, p. 351]).
Remark 5. It would be of interest to know whether Theorem 5 can be sharpened to ßk < 1 -c/m, for some positive constant c. With regard to the problem of getting a lower bound for ak, we point out that we have not been able to do better than Theorem 3. If our conjecture that h(k) = f(k) is true then, of course, ak > 1 -\/m. It would be of interest to prove an inequality of the form ak > 1 -c/m without appealing to any unproved conjecture, but we have not been able to do this.
